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Abstrat. Lorentz's reiproity lemma and Feld-Tai reiproity theorem show
the eet of interhanging the ation and reation in Maxwell's equations. We
derive a free-spae version of these reiproity relations whih generalizes the
onservation of the momentum-energy tensor. This relation orresponds to
the interferene onservation of eletromagneti waves. We show that for any
transformation or symmetry that leaves Maxwell's equations invariant, we an
modify the reiproity relation to introdue a onserving density, optial ux and
stress tensor extending Noether's theorem to a dierent ontext. We apply this
method to transformations that an be expressed as Hermitian operators and
more speially, we dene the operators assoiated with the optial energy, spin,
linear and angular momentum.
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1. Introdution
Dening the optial spin and angular momentum density of the eletromagneti
eld is an important aspet in the study of optial vorties and their evolution and
dynamis. Indeed, optial vorties are assoiated with a irular ow of energy, but
how an we dene a physially meaningful quantity that helps us understand this
ow? One possible approah is to use operators taken from Quantum Mehanis on
the eletromagneti elds. This an be done within the paraxial approximation [1, 2℄ or
based on the seond quantization [3℄. Within this paraxial approximation, Maxwell's
equations beome salar and are formally idential to Shrödinger's equations making
it possible to use quantum mehanial operators. Unfortunately, dening suh
quantities for vetorial elds is not as straight forward. Various similar methods
have been proposed in the literature based on the angular momentum of the Poynting
vetor [4, 5℄. More reently, the energy ow around vorties [6℄ has been equated
to optial urrents by invoking the "demorati" priniple between the eletri and
magneti elds [7℄. It is this last approah that we build upon and generalise in
this paper by showing ruially that this optial urrent is only one part of whole
onserving energy-momentum tensor. The method presented here is based on the
eletromagneti reiproity theorem and the superposition priniple. The generality
of this approah makes it appliable to other onserving urrents, eah orresponding
to a symmetry, and even to other eld evolution equations. Finally, we onlude by
disussing the link between these onserving urrents, the symmetry operators and
the quantum mehanial operators.
2. Free spae reiproity relations
The starting point of our paper is the optial reiproity theorem, whih denes
Newton's third law for optial elds [8, 9℄. More generally, the reiproity relations
desribe what happens when ause and eet are exhanged. For Maxwell's equations,
the reiproity theorem takes two forms. The Lorentz reiproity lemma whih links
the eletri eld reated by an emitting urrent and the eletri eld from the reeiving
urrent and the Feld-Tai reiproity theorem whih links the same urrents but via
the generated magneti elds [10, 11℄. Here, we are not interested in the urrent-
eld interation part of the reiproity relation but only in the eletromagneti free-
eld behaviour within the reiproity theorem. In this ase, the reiproity theorems
simplify to an interferene onserving relation linking two independent solution of
Maxwell's equations. In the appendix, we derive this reiproity relation in the ase
of the Riemann-Silberstein form of Maxwell's equations [12, 13℄ that formally is similar
to Shrödinger's equations.
Let us onsider Maxwell's equations in free spae,
∇ · ǫ0E = 0,
∇ · µ0H = 0,
∇×E = −µ0∂tH,
∇×H = ǫ0∂tE,
(1)
where E andH are the omplex eletri and magneti vetor elds and where ǫ0 and µ0
the vauum permittivity and permeability. The energy and momentum assoiated with
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these elds is given by E the energy density, S the Poynting vetor and σ˜ Maxwell's
stress tensor [14℄
E(F) =1
2
(ǫ0E
∗ · E+ µ0H∗ ·H) ,
S(F) = 1
2
(E∗ ×H+E×H∗) ,
σ˜(F) = c
2
2
(
(ǫ0E
∗ · E+ µ0H∗ ·H) I˜ − ǫ0E∗ ⊗E
−ǫ0E⊗E∗ − µ0H∗ ⊗H− µ0H⊗H∗) ,
(2)
where ⊗ stands for the tensor produt, and ∗ stands for the omplex onjugate,
c = 1/
√
ǫ0µ0 for the speed of light, I˜ for the identity 3x3 matrix and F for the pair of
vetorsF = (E,H). The onservation of energy and momentum of the eletromagneti
eld is given by:
∇ · S(F) + ∂tE(F) = 0,
∇ · σ˜(F) + ∂tS(F) = 0.
(3)
An intuitive way to dedue the free spae reiproity relations is through the
use of linear superposition [9℄. Here, we have simplied this approah by onsidering
only the linear superposition F = F1 + F2 of two elds F1 and F2, both solutions of
Maxwell's equations (1). As the energy, momentum and stress tensor are all quadrati
in the eld, eah of them an be split these into three parts. Two parts involve only
terms in F1 and F2 respetively while the remaining terms involve ross produts
between these elds. This deomposition an the represented as:
E(F) = E(F1) + E12(F1,F2) + E(F2),
S(F) = S(F1) + S12(F1,F2) + S(F2),
σ˜(F) = σ˜(F1) + σ˜12(F1,F2) + σ˜(F2),
(4)
where the expression with the subsript 12 groups all the terms involving ross produts
between the two elds. These expression are given by:
E12(F1,F2) =1
2
(ǫ0E
∗
1
· E2 + µ0H∗1 ·H2) ,
S12(F1,F2) = 1
2
(E∗
1
×H2 +E2 ×H∗1) ,
σ˜12(F1,F2) = c
2
2
(
(ǫ0E
∗
1
·E2 + µ0H∗1 ·H2) I˜ − ǫ0E∗1 ⊗E2
−ǫ0E2 ⊗E∗1 − µ0H∗1 ⊗H2 − µ0H2 ⊗H∗1) .
(5)
These expressions desribe the energy and momentum assoiated with the interferene
of the two elds and orrespond to its onservation. Indeed, eah of the two elds F1
and F2 fulll the onservation relations (3). Therefore, when substituting (4) into (3)
we nd:
∇ · S12(F1,F2) + ∂tE12(F1,F2) = 0,
∇ · σ˜12(F1,F2) + ∂tS12(F1,F2) = 0.
(6)
These relations desribe the onservation of the interferene of two solution of
Maxwell's equations and represent the free-spae equivalent to Lorentz lemma [8℄
and the Feld-Tai reiproity relations [10, 11℄. Physially, relation (6) means that
if the superposition of two elds is assoiated with a spei interferene energy
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density, then energy density this will be onserved regardless of the linear propagation
transformation ating on eah of the elds. Otherwise stated, it is not possible to
treat the two eld distributions independently of eah other whih is equivalent to
a lassial energy entanglement (property that has also been observed in [15℄). In
the appendix, we present the same proedure for the Riemann-Silberstein form of
Maxwell's equations.
3. Invariant transformations and symmetries
In this setion, we onsider the eet of a eld or spae transformation, whih leaves
Maxwell's equations invariant, on the free spae reiproity relation dened in the
seond setion. These transformations are eah linked to a symmetry of Maxwell's
equations and we show that for eah suh symmetry there exists a onserving optial
urrent or more generally a anonial onserving energy-momentum tensor. Our result
extends Noether's theorem [16℄ to the reiproity theorem oering a diret way to
dedue symmetri anonial energy-mometum tensors from eah other (see [17℄ for a
disussion of the symmetry problem). This rst result of the paper is stated in the
form of a theorem:
If F is a solution of Maxwell's equations, T a transformation that leaves Maxwell's
equations invariant and TF is the transformed eld still solution of Maxwell's equation,
then E12 (F ,TF), S12 (F ,TF) and σ˜12 (F ,TF) dene the anonial energy density,
urrent and stress tensor assoiated with this transformation or symmetry. These
quantities form the anonial energy-momentum tensor and verify the onservation
relation (6).
This theorem an be proved diretly by substituting F1 = F and F2 = TF in the
reiproity relations (5) and (6). This means that for every invariant transformation
of Maxwell's equations, we an onstrut a onserving quantity together with its
onserving urrent. This result is related to Noether's theorem that uses invariant
symmetries of the Lagrangian to dedue, for eah symmetry, a anonially onserving
urrent [16℄.
Additionally for eah symmetry or invariant transformation, we an dene the
following primary integral of the system:
< E12(F) >T =
∫
E12 (F ,TF) d3r,
< S12(F) >T =
∫
S12 (F ,TF) d3r.
(7)
These onserving anonial quantities an be assoiated with eah solution and
symmetry of Maxwell's equation and are onstant in time. Here, we note that these
quantities are not linear with the respet to the eld but quadrati. A prime example
of suh a onserving quantity is the energy of the eletromagneti wave whih is
< E12(F) >I where the transformation orresponds to the identity transformation I.
4. Canonial superposition priniple
In the fourth setion, we deal with the interplay between onservation, superposition
and interferene of independent solutions of Maxwell's equations. Indeed, a
superposition of multiple suh solutions is still a solution. However, beause of
the interferene between these dierent solutions, the onserving quantities are not
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neessarily additive. Starting from this observation, we formulate the priniple
of anonial superposition implying a simultaneous linearity in the elds and in
the onserving quantities in a linear superposition. To satisfy this priniple, the
eletromagneti eld needs to be deomposed onto the eigenfuntions of the operators
assoiated with eah symmetry. Additionally, for Hermitian operators we show that a
omplete sets of pair-wise ommuting operators orrespond to ompatible onserving
quantities. However, there are no eletromagneti elds that simultaneously satisfy
the anonial superposition priniple for non-ommuting operators. This approah
enables the introdution of the photon wave funtion [18℄ and a rst quantisation of
Maxwell's equation [19℄.
In this setion, we restrit ourselves to invariant transformations that are linear
and an be expressed as a linear operator A ating on the omplex vetor eld F
dened earlier. The seond result of this paper an be written in the form of the
priniple:
For a vetor eld to be observed as an independent entity when interfering with
another external eld, its onserving anonial quantities must be additive to those of
the external eld.
Mathematially this an be expressed in the following way. Let the total eld F
be deomposed into a superposition of elds F =∑iFi where eah Fi is a solution of
Maxwell's equations. For eah part of the eld Fi to be observed as an independent
entity, the total onserving anonial quantity must be a sum of all the individual
onserving anonial quantities
< E12(F) >A =
〈
E12
(∑
i
Fi
)〉
A
,
=
∑
i
< E12(Fi) >A .
(8)
Considering linear Hermitian operators A that leave Maxwell's equations
invariant, we an verify that their eigenfuntions are fullling the anonial
superposition priniple. Indeed, we have:
< E12(F) >A =
∑
i
λi < E12(Fi) >A
(9)
where λi is the eigenvalue of λiFi = AFi. This is due to the fat that the eigenfuntions
of a Hermitian operator are orthogonal and as suh their interferene integrated over
the whole spae anels out.
To appreiate that the anonial superposition priniple is not automatially
satised, we an look at the example of adding two idential eletromagneti elds
similar to the proess of stimulated emission. This superposition inreases the total
energy by a fator of 4. For the anonial superposition priniple to be fullled with
two idential elds, the two elds need to be in phase quadrature with respet to eah
other. In this ase, adding the two elds together also adds their total energy. This
means that the eld assoiated with the stimulated emission needs to be out of phase
with respet to the inident eld suh that its energy and eld distribution are adding
orretly.
Finally, onsidering the simultaneous anonial superposition priniple of multiple
onserving quantities, we remark that there are quantities that are mutually exlusive.
Indeed, for the superposition to work simultaneously for multiple linear operators, the
eigenfuntions of these operators need to be shared. This is only possible for an
ensemble of Hermitian operators that ommute pair-wise. The maximum number of
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quantities that full the anonial superposition priniple is given by a omplete set
of ommuting operators. This also implies that there are onserving quantities that
are mutually exlusive i.e. it is not possible to dene a solution of Maxwell's equation
that, at the same time, an be treated as an entity, onserving in a superposition,
these anonial quantities.
5. Appliations
In the nal setion, we apply the anonial superposition priniple to dene the spin,
dynami energy, linear and angular momentum urrents. Four operators assoiated
with these quantities form a omplete set of pair-wise ommuting operators with the
non-dirating Bessel beam as a ommon eigenfuntion. We also verify the ratio
between the dynami energy and spin to be equal to the optial frequeny [20℄. The
form of the spin urrent and density derived using this method is proportional to that
found in the literature [5, 7℄.
5.1. Classial energy-momentum
Here, we remark that deriving the lassial energy-momentum tensor from the free
spae reiproity relations is straightforward. The transformation needed in this ase
is the identity transformation and implies the following relations:
A = I,
E12 (F ,AF) =1
2
(ǫ0E
∗ · E+ µ0H∗ ·H) ,
S12 (F ,AF) =
1
2
(E∗ ×H+E×H∗) ,
σ˜12 (F ,AF) =
c2
2
(
(ǫ0E
∗ · E+ µ0H∗ ·H) I˜ − ǫ0E∗ ⊗E
−ǫ0E⊗E∗ − µ0H∗ ⊗H− µ0H⊗H∗) .
(10)
5.2. Dynami energy-momentum
The rst non-trivial Hermitian operator that leaves Maxwell's equations invariant is
the derivative with respet to the time o-ordinate. In Quantum Field theory the
time derivative operator orresponds to the invariane to the time translation and is
assoiated with the energy of the system [16℄. Using this derivative, all the stati parts
of the eletromagneti elds are eliminated and only the dynami parts remains. The
imaginary oeient is neessary to maintain hermitiity of the dynami operator and
the energy-momentum tensor is given by:
At = i∂t,
E12 (F ,AtF) =
i
2
(ǫ0E
∗ · ∂tE+ µ0H∗ · ∂tH) ,
S12 (F ,AtF) = i
2
(E∗ × ∂tH+ ∂tE×H∗) ,
σ˜12 (F ,AtF) =
ic2
2
(
(ǫ0E
∗ · ∂tE+ µ0H∗ · ∂tH) I˜ − ǫ0E∗ ⊗ ∂tE
−ǫ0∂tE⊗E∗ − µ0H∗ ⊗ ∂tH− µ0∂tH⊗H∗) .
(11)
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We remark that the eigenfuntions of the dynami operator i∂t are
monohromati waves with an optial frequeny dened as ω. For these waves, the
dynami energy-momentum tensor is proportional to the lassial energy (10) and to
ω. Unit-wise, the energy units an be reovered by making the eletri and magneti
elds unit-less and using ~ as the onversion fator. Finally, using this onversion
fator we an also introdue the momentum operator Ap = i~∇ whih orresponds in
Quantum Field theory to the translation independene.
5.3. Optial spin ux
The optial spin is assoiated with the irular polarisation of the light eld. Here, we
look for an Hermitian operator whose eigenfuntions are irular polarised light elds,
whih an be written as
As =
(
0 iZ0
−i/Z0 0
)
where Z0 = µ0c is the vauum impedane. This operator orresponds to the duality
transformation whih leaves Maxwell's equations invariant. We also remark that the
vauum impedane does not break the Hermitiity of this operator as its purpose is to
onvert between the eletri and magneti eld. The orresponding energy-momentum
tensor is given by:
E12 (F ,AsF) = i
2c
(E∗ ·H−H∗ ·E) ,
S12 (F ,AsF) = ic
2
(ǫ0E
∗ ×E+ µ0H×H∗) ,
σ˜12 (F ,AsF) = ic
2
(
(E∗ ·H−H∗ · E) I˜ −E∗ ⊗H
−H⊗E∗ +H∗ ⊗E+E⊗H∗) .
(12)
This desribes the onservation of the irular polarisation as the light eld
propagates. Indeed, all the terms in the optial spin energy-momentum tensor are
zero for linearly polarised light. Additionally, a irularly polarised plane wave
has a onstant optial spin density and the sign of this density depends on the
polarisation handedness. The onservation of this denition of the optial spin has
been theoretially asserted [4, 5, 7℄ but not its assoiated stress tensor meaning it
is not Lorentz invariant. Finally, the ratio between the optial spin density and the
dynami energy density as dened by (11) is, as expeted, ω [20℄.
5.4. Optial angular momentum
The angular momentum operator takes advantage of the ylindrial symmetry. Here,
we have expressed it in ylindrial o-ordinates and we onsider only a momentum in
the z diretion where φ is the azimuthal angle:
Aφ = i∂φ,
E12 (F ,AφF) = i
2
(ǫ0E
∗ · ∂φE+ µ0H∗ · ∂φH) ,
S12 (F ,AφF) = i
2
(E∗ × ∂φH+ ∂φE×H∗) ,
σ˜12 (F ,AφF) = ic
2
2
(
(ǫ0E
∗ · ∂φE+ µ0H∗ · ∂φH) I˜ − ǫ0E∗ ⊗ ∂φE
−ǫ0∂φE⊗E∗ − µ0H∗ ⊗ ∂φH− µ0∂φH⊗H∗) .
(13)
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Higher order Laguerre-Gaussian and Bessel modes having a phase-front proportional
to exp(ilφ) are eigenfuntions of this operator and their onserving anonial quantity
orresponds to their azimuthal number l. Here again, making the eletromagneti eld
dimensionless and using Plank's onstant ~ gives us the orret units for the angular
momentum density. Additionally, the full momentum operator an be obtained by
using AL = i~r ×∇ whih orresponds to a ondensation of three operators that are
non ommutating between them.
An interesting deomposition of the eletromagneti eld an be ahieved when
onsidering the last three anonial onserving quantities. Indeed, the z-diretional
angular momentum operator Aφ together with the dynami energy At, the z-
momentum Az and the spin As operators ommute pair-wise and dene a omplete
base of eigenelds. These vetorial eletromagneti elds orrespond to irular
polarized Bessel modes indexed using their azimuthal order, irular polarisation,
longitudinal wave vetor and optial frequeny.
6. Conlusion
By using the free-spae reiproity relation, we have introdued a method to generate
onserving relations for every invariant transformation of Maxwell's equations. For
Hermitian operators, we have shown that their eigenfuntions deompose any
eletromagneti eld into a superposition, where eah part an be distinguished by
its anonial onserving quantities. The hoie of these quantities is restrited by
the number of Hermitian operators that ommute pair-wise. Finally, we applied this
approah to dene the dynami energy momentum, the spin and angular momentum
of the eletromagneti eld. This results makes a diret rst quantisation of Maxwell's
equations possible and brings the onept of the lassial eletromagneti photon wave
funtion loser. Finally, by analogy it gives an insight into the real and imaginary part
of the omplex wave funtion in Quantum Mehanis (see Appendix).
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Appendix: Riemann-Silberstein equations and their reiproity relation
In vauum, Maxwell's equations (1) are equivalent to:
∇ ·F = 0,
∇× F = i
c
∂tF,
(14)
where the omplex vetor eld is dened as F = (
√
ǫ0E+i
√
µ0H)/2 and where eletri
and magneti elds onsidered here are purely real. These are the Riemann-Silberstein
form of Maxwell's equations[12, 13℄. We an determine the reiproity theorem for
these equations by onsidering the interferene urrents and density for a superposition
of two elds F = F1 + F2,
ERS (F1,F2) = F
∗
1
· F2 + F1 · F∗2,
SRS (F1,F2) = −ic(F∗1 × F2 + F∗2 × F1)
σ˜RS (F1,F2) = −c2(F∗1 ⊗ F2 + F2 ⊗ F∗1 + F1 ⊗ F∗2 + F∗2 ⊗ F1 − EI˜),
(15)
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where F1 and F2 are eah solutions of equation (14). Choosing F1 = F2 in these
denitions we nd the energy, the ow and stress tensor assoiated with equations (14).
The two onservation relations of the interferene urrents beome then the
reiproity relations for two solutions F1 and F2 of (14):
∇ · SRS (F1,F2) + ∂tERS (F1,F2) = 0,
∇ · σ˜RS (F1,F2) + ∂tSRS (F1,F2) = 0.
(16)
Bibliography
[1℄ S. J. van Enk and G. Nienhuis. Eigenfuntion desription of laser beams and orbital angular
momentum of light. Opt. Comm., 94:147158, 1992.
[2℄ M. V. Berry. Paraxial beams of spinning light. Proeedings of SPIE, 3487:611, 1998.
[3℄ S. J. van Enk and G. Nienhuis. Commutation rules and eigenvalues of spin and orbital angular
momentum of radiation elds. J. Mod. Opt., 41:963977, 1994.
[4℄ S. M. Barnett and L. Allen. Orbital angular-momentum and nonparaxial light-beams. Opt.
Commun., 110:670678, 1994.
[5℄ S. M. Barnett. Optial angular-momentum ux. J. Opt. B: Quantum Semilassial Opt., 4:S7
S16, 2002.
[6℄ A. Bekshaev and M. Soskin. Transverse energy ows in vetorial elds of paraxial beams with
singularities. Opt. Commun., 271:332348, 2007.
[7℄ M. V. Berry. Optial urrents. submitted to, 2009.
[8℄ R. J. Potton. Reiproity in optis. Rep. Prog. Phys., 67:717754, 2004.
[9℄ P. Cornille. Review of the appliation of Newton's third law in physis. Prog. Energy Combust.
Si., 25:161210, 1998.
[10℄ C. T. Tai. Complemetary reiproity theorems in eletromagneti theory. IEEE Trans.
Antennas Propag., 40:675681, 1992.
[11℄ Y. N. Feld. On the quadrati lemma in eletrodynamis. Sov. Phys. - Dokl., 37:235236, 1992.
[12℄ M. V. Berry. Riemann-Silberstein vorties for paraxial waves. J. Opt. A: Pure Appl. Opt.,
6:S175S177, 2004.
[13℄ I. Bialyniki-Birula and Z. Bialynika-Birula. Vortex lines of the eletromagneti eld. Phys.
Rev. A, 67:062114, 2003.
[14℄ H. Bateman. The stress-energy tensor in eletromagneti theory and a new law of fore. Phys.
Rev., 20:243248, 1922.
[15℄ G. Basini, S. Capozziello, and G. Longo. The general onservation priniple. absolute validity of
onservation laws and their role as soure of entanglement, topology hanges, and generation
of masses. Phys. Lett. A, 311:465473, 2003.
[16℄ M. Kaku. Quantum Field Theory: A Modern Introdution. Oxford University Press, 1993.
[17℄ G. Muñoz. Lagrangian eld theories and energy-momentum tensors. Am. J. Phys., 64:1153
1157, 1996.
[18℄ I. Bialyniki-Birula. Photon as a quantum partile. Ata Phys. Pol., B, 37:935946, 2006.
[19℄ A. C. de la Torre. Understanding light quanta: rst quantization of the free eletromagneti
eld. Eur. J. Phys., 26:457467, 2005.
[20℄ H. C. Ohanian. What is spin? Am. J. Phys., 54:500505, 1986.
